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Abstract 

Exact path integration for the one dimensional potential V = b"^ cos 2q which 
describes the finite amplitude pendulum is presented. 

1. Introduction 

In last two decades almost all of the quantum mechanical potential problems 
which are solvable by the Schrodinger equation method have also been solved 
by path integrals []1|. 

In this note we add the finite amplitude plane pendulum potential V{q) = 
IP' cos 2q to the list of the exact path integral solutions. 

2. Path Integral for the potential V = 6^cos2g 

The Lagrangian path integral for the particle of the unit mass moving in the 
potential 

V = b'^ cos(2g), 6^ > 0, qE [0, 27r) (1) 

is given by 

K{q,q',T) = J Pgexp(z _ 6^ ^os(2g)]) (2) 

represents the probability amplitude for traveling from a point q to q' in the 
time interval T. The explicit form of the expression (|^) is given by the usual 
time graded form as 

KM.T)=\\^J--r-^{X{ dq,)X{K, (3) 

^lUt j = l"'U j=0 
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where q = Qo, q' = Qn+i, ^ = Kj is the short time interval kernel between 
the space time points {qj,je) and {qj, (j + l)e): 

K, = exp(l[^^^^|^ + (fe)^(2 sing, sin - 1)]). (4) 
Writing the short time interval displacement ( in e ^ limit )as 

{qj - qj+i)' 

2 

we get 



1 - cos(gj - qj+i) (5) 



= ei(-(-)V,, (6) 

where 

Pj = exp(— 226[cosh y cos qj cos g^+i + sinh y sin qj sin qj+i])- (7) 
The hyperbolic angle y is defined ( in e — > limit ) as 

cosh-y = sinhy ^ ^(1 — 2(66)^). (8) 

Now we are ready to employ the well known expansion formula 

Pj = ^Z^ [ ce2m[qj)ce2m[qj+i) H se2m+2[qj)se2m+2[qj+i) 

m=0 ^'2m ■52m+2 
■ Ce2m+i{y) . N / N .5'e2m+l(?/) / N / M /n^ 

ce2m+i(gi)ce2.m+i(gj+i) - I se2ni+i{qj)se2m+i{qj+i)l (y) 

where ce„(x) = cen^x^h"^) and se„(x) = se„(x, 6^)) are the even and odd 
periodic solutions of the Mathieu equation 

- 26^) cos 2x)yn = -Kyn (10) 

with hn being the corresponding eigenvalues. The coefficients in the expan- 
sion formula (y) are dependent on the eigenvalues of the Mathieu differential 
equation [See Appendix]. 

Inserting (|^) and into the full kernel (|) we get 

|-(l-(fee)2) n 2tv " 

^^•(».«'.^)-,.W^^)"^'(n/„ i^^^YU'r (11) 
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By making use of the the orthogonahty relations 

r2Tv 
r2Tx 

SC^i^X^ SCuii^X^dx ^^nra') 

f-27r 

sen{x)cem{x)dx = 
we can execute the integration in ( ]Tl| ) and arrive at 



oo 



m=0 ^ m=l 



where 



fi2m = hm 

n— >oo 



^Ce2m+iiy) 



--2m+2 



-2m+l 



hm 

?i— >oo 



V ie S2m+1 



Now we can calculate the limits in the above coefficients: 

Using the representation for the Mathieu function ( with 
limit ) 

P2r, 



CeUy^b') = ^Y.i-yAlTJr{he~y)Jr{hey) 

and the asymptotic formula for the Bessel functions 



and 



we obtain 

CeUv.l,') « e'f-i'g|^f (23) 

Inserting the above formula into (^) we have 

n^m = e''''^ hm {u;2mr^\ (24) 

n^oo 

Here /iq = 1/8 — 6^ and 

= i E(-)^^r - 1 - ^^'-e + O(e^) (25) 

which from the recurrence relations (A. 5) can be written as 

u;2m^l-^^e + 0{e'). (26) 
To obtain the energy spectrum we represent as 

= e^(ho+E,^)T ^ ^^hoT ^ lTE2rn.n+l_ ^27) 

n^oo^ n + 1 

Comparing ( pTf ) to (24) ( with T = (n + !)£: ) and using ( p6D we get the 
energy spectrum for the wave functions ce2m(9) 

^2m = ^0 + = ^0 (28) 

In the similar fashions using the representations 
Ce2m+M = T.i-yA"^^i\Jr{he-')Jr^^{hey) + X,{hey)X,^,{he-y)] 

^1 r=0 

(29) 



^e2^+i(y) = -T|S^TE(-)'^2r+V[^.(fe"")'/.+i(fe') - J.(6e^)J.+i(&e-^)] 

r=0 

(30) 
(31) 



we obtain the remaining coefficients 



^i{ho-b2m+i/2)T ^33^ 
gj(/io-b2m+2/2)T ^3^^ 



which exhibit the full energy spectrum. 

The coordinate q and time t in the above derivation are dimensionless. 
To introduce dimension we have to make the following replacements 

t — ^ /it, q /ig, (35) 

where fi is the mass of the pendulum. 

When the sign of reversed to 6^ < one only needs to replace the 
argument q of the Mathieu functions by g = | + g, the energy spectrum 
remains unchanged. 

Appendix 

Cen{x) and 5'e„(a;) in the formula (H) are called associated Mathieu functions 
and defined as Ce„(x) = ce„(zx) and 5'e„(x) = se„(zx). The constants p„ 
and Sn are defined as 



_ ce2n^(0)ce^2m(7^/2) , . 

P2m - , lA.iJ 



^0 

ce2m (0)ce 2^(7r/2) 
bAf 



P2m+1 1 4 2m+l ' l^'^J 



_ g4m+i(0)^e2m+i(7r/2) 

"52m+l - ^^2m+l ' l^-'^J 



_ g4m+2(0)ge2m+2(7r/2) 
■52m+2 - ^2^2m+2 ' l^-^J 

where A" and i?" satisfy the following recurrence relations 

a2^Al^ - b'^Al^ = 
(a2„-4rV2r-&'(^2r+2 + ^2r-2) = 0, r>l, (A.5) 

(02^+1 - 1 - - 6^2-+! = 

{a^m+i - (2r + - &'(^2™V + A^^-i) = 0, r > 1 (A.6) 
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( Wi - 1 - - b'Bl^+' = 

( Wi - (2r + l)^)S,2r+V - ^'(S'r+V + ^2^-^) = 0, r > 1 (A.7) 

(62..-4r^)i32'r'-&'(i32'r/2'-52r-f) = 0, r>2 (A.8) 
and normalization 

y: > 0, 2(^^)2 + 1:(^2™)' = 1 (A.9) 



r=0 r=0 

00 cc 



E ^2^+^ > 0, E(^2rH-Y)' = 1 (A.io) 

r=0 r=0 



00 00 



E(2r + > 0, E(^2r+t')' = 1 (A-ll) 

r=0 r=0 



00 00 



E(2r + 2)S|-t^ > 0, E(^i.T2')' = 1- (A-12) 

r=0 r=0 

Here a2n, a2n+i, &2n and 6271+1 are the eigenvalues of ce2m, ce2n+i, se2n and 
se2n+i- 
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